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The  effects  of  long  range  potentials  on  the  threshold  behavior  of 

elastic  scattering  cross  sections  were  studied  some  time  ago,  princirally 

1  2 

by  O'Malley,  Spruch  and  Rosenburg  and  by  Levy  and  Keller.  However, 

there  has  been  little  analysis  of  the  effects  of  such  potentials  on  inelastic 

collisions.  The  purpose  of  this  paper  is  to  extend  the  analysis  of  Levy 

2 

and  Roller  to  inelastic  scattering,  and  to  relate  the  results  to  recent 
experiments  involving  alkali  atoms.  One  particular  feature  that  we  will 


examine  is  the  appearance  of  Wigner  cusps  at  excitation  thresholds.  Our 

analysis  ill  be  applicable  to  any  atom  except  hjdrogen,  for  which  special 

problems  arise  due  to  the  ^-degeneracy .  These  special  problems  have  been 
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studied  by  Gailitis  and  Damburg-  and  driers. 
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The  analysis  of  Levy  and  Keller  is  based  on  the  variable  phase 


method,  which  has  been  extended  to  multi-channel  problems  by  several 
4  5 

authors.  ’  For  each  channel  a,  the  associated  single-particle  function 


is  written 


Wr) 


u0c<r)ScB  +  wlo(r)tcB<r) 


The  index  8  denotes  the  incident  channel;  v0a(r)  and  wla(r)  are  independent 
functions  which  have  the  asymptotic  form  appropriate  for  the  channel  a. 

It  there  is  no  unscreened  Coulomb  interaction  in  the  asyrptotic  region,  these 
can  be  expressed  in  term,  of  spherical  Bessel  functions.  For  open  channels 
we  take 


V,(r) 


kcX  v> 

a 


(2) 
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"lo(r)  ‘  ■  '‘cNt  <kar) 

a 


(3) 


The  scattering  information  is  contained  in  the  matrix  The  limlt 

of  t  g(r),  as  r  +  ”,  is  the  reactance  matrix,  K^,  whose  eigenvalues  are 

are  the  tangents  of  the  elgenphases. 

By  substitution  in  the  Schrodinger  equation  we  obtain  an  integral 
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equation  for  t^g(r),  ^orm 


-  2 


r\ 


E 
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taY(r,)wiY(r,))vY6(r,) 


(w05(r')66B  +  wl6t6^(r'))dr' 


(A). 


where  V  r(r)  is  the  interaction  potential,  expressed  in  matrix  form. 

Yo 

The  K-i.'strix  Born  Approximation  can  be  obtained  by  neglecting  the  terms 
involving  t (r 4 )  on  the  RHS  of  Eq.  (4).  Substituting  for  wQ^(r) ,  we 
obtain 


K  „  :  t  .(»)  8 

a8  aB 


h  h 

-  k  kn 
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As  shown  for  single  channel  scattering  by  Levy  and  Keller,4  the  dominant 
term  in  the  threshold  behavior  is  given  bv  Eq.  (5). 

Let  us  suppose  that  we  In  re  one  or  more  old  channels  labelled  (X, 

B,  ...,  and  one  or  more  new  cl  nnels  labelled  p,  q,  ....  We  will  assume 
that  the  new  channels  share  a  common  threshold  so  that  =  kp»  anc* 

1  .i  to  determine  the  dependence  of  the  elements  of  the  reactance  matrix 
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upon  k  .  Let  us  first  consider  Kpq  which  corresponds  to  elastic  scattering 
in  the  new  channels.  For  any  short  range  interaction  the  integral  is 
dominated,  as  kp  -  0,  by  small  r  and  we  find 


Z  +Z  +1 
,  P  q 
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2V  (r)  r 

pq 


Z  -rZ  +2  r. 

p  q  dr  +  0(0 
P 


(6) 


However,  if  the  interaction  contains  a  long  range  component,  say  Cr 
this  leads  to  a  contribution  of  the  rorm 


KL  -  -  2Ck  I  r2-Sj  „  (k  r)j  (k  r)dr 
pq  P  J  n  p  a  P 


If  s  <  (2.p  +  Jlq  +  3),  this  integral  is  well  defined  and  gives 


KL  -^ks“2 
pq  9s-l  P 
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Since,  given  the  inequality  above,  (s-2)  <  (£p  +  +  ^ term  is 

dominant  for  small  k.  Thus  we  confirm  the  conclusion  of  Levy  and  Keller 

that  the  threshold  behavior  of  the  matrix  elements  Kpq  can  be  changed 

by  the  presence  of  long  range  forces.  If,  however,  s  £  (f-  +  +  t*ie 

potential  must  be  modified  at  small  r,  and  the  dominant  term  remains 
Z  +£  +1 

k  P  q  ,  since  the  integral  is  made  finite  by  the  short  range  behavior  of 
the  potential. 

Let  us  next  consider  the  term  K  ,  corresponding  to  inelastic 

up 

scattering.  For  any  short  range  interaction  we  obtain  a  result  similar  to 


I 


From  our  long  range 


(6)  with  a  dominant  term  proportional  to 


component,  Or 


For  small  kp  this  has  tlu*  same  form  as  K^.  Thus  we  conclude  that  the 
long  range  interactions  <1.  not  change  the  power  of  the  dominant  term  for 
K-matrlx  elements  in  which  t  lie  Initial  and  final  wave  numbers  are  different 


hut  differ  from 


In  this  conclusion  wc  conlirm  t  It*-  .01.1 


the  result  of  Mott  and  Massey 


ist  construct 


In  order  to  examine  the  phvsn.il  in 


the  T— matrix,  given  by  K(l  -  IK)  .  By  analytic  coni Inuation  oi  the 

i 

T-matrlx,  the  behavior  of  the  K-matrix  below  the  threshold  can  he  deduced. 
It  is  well  known9’10  that  <f  an  element  K  is  proportional  to  k^,  then 
the  elastic  scattering  T-matrix  element  Tan  will,  i..  general,  have 
Infinite  slope  at  the  threshold.  This  can  lead  to  a  cusp  in  Taa  and  in 
the  corresponding  partial  wave  cross  section  tt  .  From  our  previous 
analysis  we  see  that  K  *  if,  and  only  if,  I  =  0,  that  is,  if  the 


scattered  electron  Is  zero 


Let  us  apply  these  ideas  to  electron  scattering  by  alkalis  in  the 
ground  2S  state,  at  energies  close  to  the  threshold  for  excitation  of  the 
lowest  2P  state.  For  collisions  in  which  the  P  state  is  exc'ted  the 
Initial  and  final  values  of  the  electronic  angular  nv  incr.tum,  £a  and  £p, 
are  linked  through  the  selection  rule 


£■£11  .  <10> 
P  « 

Thus  £  can  be  zero  only  if  £  -  1,  so  that  cusps  can  appear  ac  the 

P  a 

excitation  threshold  only  for  incident  p-waves. 

Although  through  this  type  of  analysis  we  can  show  that  cusps  «ay 

exist,  we  are  unable  to  predict  their  magnitude  except  through  an  explicit 

calculation.  We  have,  therefore,  performed  numerical  computations  of  the 

reactance  matrix  and  partial  wave  cross  sections  for  election  scattering 

by  lithium.  We  have  used  a  variational  method,  used  previously  by 
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Slnfallam  and  Nesbet  and  by  Oberoi  and  Nenbet,  which  has  bean 
described  in  detail  by  Lyons  et  al.13  The  basis  set  of  square  lntegrable 
functions  included  8  e-wave  functions,  7  p-wave  functions,  5  d-wave  functions 
and  A  f-wave  functions,  supplemented  by  continuum  functions  with  asymptotic 
forms  given  by  Eq.  (2). 

At  energies  just  above  the  Inelastic  threshold  each  of  the  elements 
of  the  reactance  matrix  varied  with  energy  in  a  manner  consistent  with 
our  previous  analysis.  However,  some  of  the  element!-  could  be  f-.cted  by 

_3 

a  simple  power  law  only  over  a  very  small  range  of  ••m-'f.les  ('10  eV) . 

Tin*  calculate'*  partial  wave  cross  sections  for  clast  -  .tiering  are 
Awvja  f  j  X  .  T’;,..  s-  and  d-wave  contributions  pass  smoothly  through 


the  threshold  energy.  There  I  a  very  clear  cusp  In  the  P  contribution, 
which  fall  -  from  19  'ta^  at  threshold  to  9.5  TaQ*  at  an  energy  0.02  tv 
above  tnreshoJLd.  !!.•■  total  cross  section  decreases  by  approximately  6% 
over  this  energy  ••  urge  .  The  lP  ontribution  should  have  an  infinite 
slope  •('.  both  s  of  the  threshold  energy.  The  finite  slope  that  we 

•  i  ...  ■  '  is  probably  -iue  to  an  Inadequacy  in  our 

,  -  .  et  does  not  include  any  terms  which  have 

-  required  for  closed  channels.  We  do, 

-j  •  -.ns  with  the  proper  asymptotic  form  for  the 

.;;eic  *,nd  so  obtain  the  correct  analytic  form  of  the  cross 
sections  just,  above  threshold. 

lh.;  contribution  to  elastic  scattering  also  has  an  Infinite  slope 
r  r[i,  .  .  d  energy  However,  the  cross  section  derivative  (da/dE) 

,;h  si,  f3  of  the  threshold,  so  there  is  not  a  cusp,  but 

• .. j_  ,  ...  t,  ,,  sfHe  of  the  infinite  derivative  the  magnitude 

*> 

nar.,10  in  the  P  contribution  near  threshold  is  negligible.  This 
!  be  •  .  t  last!  :  ,  itter ing  phase  shift,  0^.,  is  very  close  to 

+  „  r  ,  »  0.999).  In  this  situation  a  change  of  10% 

•  ,  ,.'ti  oil. '  lent  leads  to  a  change  of  only  0.04%  in  the  cross 


section • 

11  14 

Year-  i.  orape  rison  with  previous  cal' ul  at  ions  ’  of  elastic  electron- 

alkaM  scattering  at  lower  energies  and  from  exploratory  calculations  at 

higher  energies  It  is  clear  that  there  are  resonances  In  the  *P  and  D 

2  1 

cross  sect!'  ’  i'hese  ire  presumably  associated  with  the  (Is)  (2s)  (2p)  P 
and  (l*)'!(2p)'i  * 9  states  of  It".  The  e  feet  of  the  resonances  can  be 
seen,  for  «■«-.  npi  ,  in  the  fart  that  the  *P  and  1D  contributions  to 


‘ 
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inelastic  scattering  are  considerably  greater  than  the  P  and  D  contribu¬ 
tions.  The  presence  of  the  *P  resonance  enhances  the  effect  of  the  cusp 
in  that  channel,  and  the  maximum  value  of  the  h  partial  cross  section  occurs 
at  the  threshold  energy.  The  *D  resonance  causes  the  D  partial  cross 
section  also  to  peak  at  an  enery/  very  close  to  the  threshold. 

The  existence  of  these  resonances  was  previously  noted  by  Burke  and 
Taylor. These  authors  also  studied  the  sum  of  the  scattering  eigen- 
phases,  and  found  a  discontinuity  of  slope  at  the  threshold  energy  in  each 
partial  wave.  We  have  confirmed  this  feature  and  find  that  for  s- waves 
and  d-waves  this  discontinuity  is  consistent  with  a  smooth  variation  of 
the  elastic  scattering  partial  cross  section. 

Observations  of  cusps  in  e-Na  differential  scattering  cross  sections 
have  been  reported  by  Andrick  et^  al^.  and  by  Gehem  and  Reichert . 

The  structure  observed  by  Andrick  et_  a_l.  ^  is  weak  near  60  ,  and  strong 
near  90°.  However,  the  threshold  cusps  should  vanish  at  90°,  since  they 
are  confined  to  incident  p-waves.  Since  the  qualitative  features  of  e-Li 
scattering  and  e-Na  scattering  are  very  similar11,1^  it  seems  plausible 
that  the  observed  structure  is  due  predominantly  to  a  D  resonance  of  Na  . 
For  many  scattering  angles  the  p-wave  cusps  should  be  masked  by  the  D 
resonance.  However,  the  fact  that  there  is  no  observed  structure  near 
60®  must  still  be  explained. 

The  effects  of  the  cusps  may  be  more  easily  observed  in  photodetach¬ 
ment  of  the  alkali  negative  ions,  since  the  final  state  must  have  1P 

18 

symmetry.  From  the  calculations  of  Moores  and  Norcross  it  is  clear 
that  the  detachment  cross  section  peaks  very  close  to  the  threshold 


energy  for  the  production  of  excited  neutral  atoms.  Using  N&  and  K  , 

ig 

Patterson  et.  al.  7  have  observed  such  peaks  and  from  their  observations 
have  derived  accurate  values  for  the  electron  affinities  of  these  alkalis. 
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Figure  1.  Partial  wave  contributions  to  the  elastic  scattering  cross  section  in 
electron  collisions  with  lithium  atoms  at  energies  close  to  the  excitation  threshold, 

Eth,  which  is  calculated  to  be  1 .841 1  eV. 
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